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Abstract

One of the better options to remove chromium VI (Cr(VI1)) from wastewaters is the electrochemical continuous reactor. This process can be
used to clean rinse waters from the plating industry. A mathematical model of the reactor is developed by classical application of mass balances
for Cr(VI) and Fe, both corroborated in a bench scale electrochemical reactor. The reactor model is employethhgridwess where the
proposed controller is implemented. For the controller synthesis a reduced order uncertainty estimator is employed to infer the reaction rate,
which is assumed unknown and an input/output linearising controller is designed, using the input flow to the reactor as control input and the
Cr(VI) concentration in the wastewater as controlled variable. This procedure yields a nonlinear Pl controller; where new tuning rules are
given. Stability analysis of the closed loop behaviour of the reactor under the proposed methodology is done via mathematical analysis of the
equations that describe the dynamic behaviour of the estimation and regulation errors. The performance of the controlled reactor is illustrated
with numerical simulations.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction Mexican norm is less than 0.5 mg/L) and, therefore it requires
special handlingll]. Consequently, its final disposal is always
Hexavalent chromium (Cr(VI)) is, perhaps, one of the expensivg2]. An electrochemical continuous reactor is pro-
most worrying pollutants from the plating industry. This posed as an alternative to the chemical precipitation process.
metal, at this oxidation state, is generally presented in rins- It is based on the reduction of hexavalent chromium to its
ing waters of many electroplating processes. Moreover, it trivalent chromium oxidation state (&) due the presence
is prohibited to discharge these waters into rivers or sewersof F&?*, which is liberated from the electrodes inside the
if there is a certain amount of Cr(VI), which is too low to reacting solution when an established direct current quan-
attempt recovery (as a metal) by electrochemical methods.tity is applied to the anode. In order to obtain satisfactory
Conventional treatment—such as ferrous sulphate reductionperformance of the reactor and comply with environmental
with lime precipitation—generates large amounts of sludge. constrains, the necessity to regulate the operation of this kind
In fact, the use of calcium hydroxide to precipitate reduced of processes arises spontaneously.
chromium could reach a sludge generation of up to 307kg  Usually, regulative control of process is performed by
per 100 kg of chromium hexavalent reduced to its trivalent linear proportional-integral-derivative (PID) controllers. The
form. crude approach to this strategy has several drawbacks that
In some countries such sludge is considered hazardousjead to inadequate performance, such as poor robustness
there are limitations to its maximum concentration level (the properties against sustained disturbances, high nonlinear be-
haviour and changes in operating conditions. This situation
* Corresponding author. can be explained given that these controllers (PID) are de-
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Cr(VI)

Nomenclature

residual concentration of chromium(VI) in so

The paper has the following structure: Sectiaescribes
the experimental electrochemical reactor and presents the
mathematical analysis of the process. Sec8ateals with
the synthesis of an uncertainty observer and develops a non-

lution (mg/L)

F volumetric reactor flow (L mint)

Fa Faraday’s constant (96,500 C/mol)
g control gain (mirr?)

ka1 kinetic constant=0.78 (mirt)

Ko adsorption constant=0.155 (L/mg)
I current intensity (A/r)

M molar mass (mg/mol)

n number of electrons

rcrevy  kinetic  term  for  Cr(IV) consumption
(mgL~IminY)

lFe kinetic term for Fe generation (mgt min—1)

Theta control input (E/V) min—1

Y volume of reactor (L)

Greek letters
T observer gain (mint)

ideal control law, which is equivalent to a PI controller; also
the new tuning rules are proposed. Secibis related to

the numerical simulations showing the open-loop dynamic
behaviour, and the closed-loop performance of the reactor
when the proposed controller is used.

2. Experimental
2.1. Reactor modelling and validation

Synthetic (prepared with potassium dichromate at 130 mg
Cr(VI)/L) and industrial rinse water (at 273 mg Cr(VI)/L)
were treated in a continuous electrochemical reactor with a
volume of 16 L Fig. 1). A rotating iron ring electrode was
used during each electrochemical removal process. The ro-
tating iron electrodes consists of 14 iron steel rings, 11.5cm
diameter, allocated as a sequence of one cathode and one an-
ode. The gap between the ring electrodes was 1.0cm. The

superficial area of each iron ring was 75.0°crilectrical
factory performance in a small neighbourhood around the op- current of 5.0 A and voltages between 2.75 and 4.5V were

erating set-point chosen for its desi@h. Therefore, for pro-

applied during the process, using a direct current power sup-

cesses with high nonlinear behaviour other kinds of control ply. A shaft was used to support the ring arrangement and was
strategies are needed. The control of process with complexconnected to a variable speed motor. The pH in the reactor so-
behaviouris a current challenge, due to the necessity of globallution was maintained at 2.0 units during the electrochemical
efficiency in process performance which provokes processesprocess by the addition of sulphuric acid. In order to evaluate
to be operating under more demanding conditions. Despitechromium reduction, samples were taken out, from the elec-
the great interest in the study of processes with complex dy- trochemical reactor at different times during the process. For
namic behaviour, the industrial application of the control de- each sample the pH was raised to 8.5 units (under this con-
velopments for these kinds of systems is still limited. It seems dition chromium hydroxide and ferric hydroxide are formed
that the industrial strategy is to avoid troublesome operat- and precipitated) by the addition of sodium hydroxide. After
ing conditions and design parameters, which could produce precipitation, the concentration of Cr(VI) in the supernatant
instabilities, ignition, and other conditions of maloperation. liquid was measured by the diphenylcarbazide metldgd

This conservative philosophy was quite justifiable before the
great advances achieved during the last few years in the de-
velopment of rigorous models for chemical processes and the
great advance in the computer hardware for data processing
and control. Actually, the state of affairs suggests that the
industrial view should change into the direction of explor-
ing available opportunities with regard to higher conversion,
yield and selectivity regions.

In this paper, a simplified mathematical model of the elec-
trochemical reactor (under CSTR behaviour) experimentally
corroborated is employed as theal process for the design
of an input—output linearising controller based on a reduced
order observer. The observer estimates on-line the reaction
rate, which is assumed unknown, in order to regulate Cr(VI)
concentration in the reactor, using the input reactor flow as
the control input. This controller’s structure is equivalent to
a standard Pl where new tuning rules for the control gains
are giving in terms of process parameters; therefore control
variables have strong physical meaning.

Direct Current Variable Speed
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v
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Fig. 1. Electrochemical reactor with rotating iron electrodes.
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A classical mass balance was performed for the hexavalent>: D€sign of the control methodology

chromium concentration in the solution. The following mod-
elling assumptions were considered: (i) continuous stirre
tank behaviour; (ii) non-steady state operation; (iii) constant
reaction volume (adequate for liquid phase). Ferrous ions are
released from the anode by electron transfer (E)); mean-

q3-1. Control methodology

The control of nonlinear systems has been widely studied
during the last 20 years, especially the characterization of in-

while Cr(V1) is reduced in the solution (E¢Q)). put/output and exact linearisable systems. This corresponds
to systems that can be fully or partially linearised by a change

Fe — 26 — F&t N of coordinates and/or state feedback following differential-
geometric concepts, e jJ]. Such class of nonlinear systems

6FET + Cr072~ + 14HY — 6FE + 2CP3+ + 7H,0 can be linearised by state feedback control which cancels all

the nonlinearities assuming perfect knowledge of the mathe-
(2 matical model, producing global asymptotic stabi[8y. A
drawback of exact linearisation techniques is that they rely on
exact cancellation of nonlinearities. In practice, exact knowl-
edge of system dynamics is not possible. A more realistic

During the electrochemical process a Cr(VI) reduction on the
cathode can occur, as shown in E8) [5]:

Cr,07%2 + 6H + 66" — Cr,04%~ + 3H,0 3) situation is to know some nominal functions of the corre-
sponding nonlinearities, which are employed in the control
2.1.1. Chromium(VI) kinetic removal model design. However, the use of nominal model nonlinearities can

In order to determine the kinetic model in the process, a setlead to performance degradation and even closed-loop insta-
of experiments was carried out in the batch reactor described.bility. In fact, when the systems presents strong nonlinear-

Experimental data points are showrfigy. 3. The Cr(VI) ities, the standard linearising controller cannot cancel com-
reduction as function of time is described by a kinetic model pletely such nonlinearities and instabilities can be induced.
obtained that passes the goodness of fit Chi-square test al he worse case is when the knowledge of the nonlinearities
0.01 significance level (a 99% confidence level). The experi- is very poor or null, consequently conventional linearising
mental data were accurately fitted using a zero order reactiontechniques are inadequate.
rate model at high Cr(VI) concentrations and by a first order ~ Because of these events, the robust stability problem for
reaction rate model at low concentrations. The overall rate uncertain systems arises as a necessary control design ap-
equation cr(vi)) with respect to the Cr(VI) (Eg(4)), was proach to supply the controller with the corresponding on-line
obtained by applying the integral methf@]. See nomencla-  information and try to realise a satisfactory closed-loop per-

ture section for variables definition: formance. Research on robust control design for linearisable
k1 Cr(VI) nonlinear systems has be dpne considering obsgrvgd-based

rervly = T+ K,Cr(VI) (4) controllerg9,10]where peakmg_phen_omena, stability issues
and robust performance are still topics that deserve further

The resulting expression for the mass balance of the study.

chromium(V1) in the solution is the following: Generally, nonlinear systems can be transformed into

dcr(vly F canpnical qontrollable form via a nonlinear change of co-

e V(CV(VDm — Cr(VI)) — rer (5) ordinates given byg¢i=0,i=1,2,...,n—r, wherer is the

relative degree of the system (4) dpti(X) are the Lie deriva-
Naturally, the reaction rate has its own dynamic behaviour, tives of the measured outphx) along the vector field of the

which can be expressed as: systemf(x) [13].
drery The system under study can be transformed into the fol-
# = h(Cr(VI), 1) (6) lowing canonical form (Eg(9)):
The mass balance of the iron in the solution is as follows: & =¢41 for i=212,...,r—1,
dc F A r—1

Fe — ——CFe+ rFe (7) Er = L;’h(.x) + LBLf h(x)u,

dr 174 .
¢ =gler,e2,...,6r,6), y=-¢€1 9)

_ MI (®)

TFe= nkFaVv The conditions for the existence of this transformation are

related to a well-defined relative-degree of the sydtehh

See notation section, for parameters description. : i )
L . The zero dynamics are given by thre-{ r)-dynamic sub-
Note that this kind of system presents a complex behaviour ; .
systeny = g(0, e2, ..., &, ¢). Forthis process, zero dynam-

and electrochemical reaction occurs in the aqueous media as .
! ; . ics are locally stable. Consequently, the static feedback con-
wellas onthe corresponding electrodes. For dynamic analysis —1 ; .
. troller for Lg Lt~ “h(x) # 0 and some being external input
and control purposes the model developed was believed to be — LIh()
f

adequate. related tou by the equality: = Lol Th(y)’ can linearise the
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input/output map of the system. In the case under study, theHere, the observed uncertaimey(vi)-obs iS obtained by solv-

relative-degree of the systemris 1. ing the mass balance equation (EtR)):
The study of systems that exhibit relative-degree one is dCr(Vl) F
very important for many control applications, for example rcrviy-obs(Cr(VI), 1) = — o + V(Cr(VI)in — Cr(Vl)

a wide class of chemical reactors show this characteristic.
They are mathematically modelled as control affine systems
where the control inputis a linear teft®]. This kind of sys- As it can be seen, the structure of the proposed observer
tem displays some interesting features, such as the equivalenincludes the derivative of the chromium(VI) concentration,
dissipativeness by means of a state or an output feedback. Irwhich must be calculated in order to obtain estimates of the
general, it is easier to stabilize dissipative systems than non-reaction rate. However, the synthesis of derivators is a difficult
dissipative onef3]. task; moreover, if concentration measurements are noisy the

The input—output linearising control law is related to the synthesis could be impossible. In order to avoid this situation
input volumetric flow as control input, which is employed to achange of variable is proposed (EL3)). The new variables
regulate the chromium(VI) concentration in the wastewater, produce an uncertainty observer with the structure given in
considering this chemical reactive as measured reactor outpuggq. (14):

(12)

(Fa.(10); O = Fervy — Te2 (13)
1 de
F= v —crn [—ge2 — rerqun]V (10) d—? = gres (14)

Then the corresponding equation for the uncertainty estima-

This ideal control law imposes a linear behaviour to the track- tor depends on the tracking error (E45)):

ing error & = Cr(VI) — Cr(VI)SP); in this way, itis possible to
guarantee that lim, o, Cr(VI) — Cr(VI)*P, considering the . !
controller gaing> 0. However, as can be observed, this kind TCr=gt 062(6) do + 7e2 (15)
of control methodology is based on an ideal mathematical
model of the process.

Nevertheless, it is well known that mathematical models
have some uncertain terms related to non-modelled dynam- .. _ 1 A
: = [—ge2 — Fervp]V (16)
ics and/or unknown parameters. One of the most common Cr(Vl)i, — Cr(VI)

uncertainties during the modelling of chemical reactors is 1.5 controller is able to produce practical stability, which

the reaction rate. Evaluation of reaction rates generally iS @64ns that the controller can lead the trajectories of the react-
difficult task in chemical processes, especially in the case Ofing process into a neighbourhood around the set point when

complex electrochemical reactions which take place in the re- e \ncertainty values converges adequately to the real values
actor. This lead to construct an uncertain mathematical modelof the uncertainty, i.e. the estimation methodology converges

of this process, introducing the problgm ofon—liqe estimation asymptotically10]. Now, including Eq(11)in Eq. (12)it is
of reaction rates. Currently, estimation theory is one of the possible to obtain a non-ideal controller (E#j7)):

most active research areas due to the necessity of obtaining

The non-ideal control law employs an estimate of the reaction
rate, and its structure is given by HG6):

on-line estimates of unknown terms related to mathemati- . _ v (¢ + T)ea + gr/tez(a)Ea 17)
cal models for process identification and control purposes Cr(V1)in—Cr(VI)
[13].

As it can be seen, E17) follows a PI structure, where the

By taking the chromium(V1) concentration in the solution ¢, oyiers gains are related to the closed-loop characteristic

as the measured output variable, the system given by EQS;me g~! and the measurement characteristic timé. The

(4) a_nd(5) can be written in_:_:m obse-r\./ability forp4], so classical structure of Pl controllers is given by Ogunaike and
that it satisfies the observability condition. Hengggy can Ray[15] (Eq. (18)):

be reconstructed by means of a state observer. Such observer

could be constructed as a copy of the system (Egsand F—K l/’ d 18
(5)) corrected by an observation error. However, this typi- =~ et T OeZ(a) o (18)

cal observer structure cannot be realized because the terrrip3 ; : ;
. X y algebraic comparison of EgEl7) and(18), tuning rules
h(Cr(VI), t) is unknown. In the process considered, some of for proportional gain (Eq(19)) and the integral time (Eq.

the state variables (chromium(VI) concentration) are directly (20)) are given. These tuning rules avoid the identification

';he S'tys,;f m ouktput. Trt1erefore,| atrzdtuctehd—ordert'obsertve.r t“:hes'steps: of the process and the use of semi-empirical methods
imate the unknown terms related to the reaction rate in the . oot jocus. Ziegler-Nichols, IMC, etc.

reactor is proposed (EqLL)): Therefore the proportional control gain is given by:

drerv . K=-— L 19
o T(rer(viy-obs — Fer(vi)) (11) Cr(Vl)in, — Cr(VI) (19)
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And the corresponding integral control gain is:

N
lei] < — — 0 (27)
=817 (20) Il
8t Note that if the system output is corrupted by additive noise,

i.e. Y=Cr(Vl)+é and the noise’ is considered bounded,
i. e. ||8]l < A, a similar methodology, used to analyze the
estimation erroe; can be applied in order to prove that the
steady-state estimation error becor#%é), which proves
robustness against noisy measurements.

3.2. Stability comments

First let us consider the convergence analysis of the pro-
posed observer (Eq11)), which is an asymptotic propor-
tional reduced observer for the system given by(Bjjwhere .
the observer gaim >0, determines the desired convergence In order to analyze the closed-loop stability of the Cr(V1)
rate of the observer ' trajectories in the reactor, the closed-loop dynamic equation

Now, consider that the following assumptions are satisfied. of the mass balance should be used (@8)):

There existr ¢ " andN e %i* such that:

e2 = gez + (rervi) — Fervi) (28)
Assumption 1. ||a(Cr(VI),n)| < Nand lim_, ¥ =0 If 7erviy — reruy thenrer — 7o — 0, the ideal control law
is recovered together with its stability properties; otherwise,
Assumption 2. lim;_, exp(—fgr da) H = 0, wherelp is the estimation error is limited dscrviy — Fervy| < 242,
large enough. accordingly with the above development.
Solving the linear ordinary differential equation (28) and
Then, estimation errors could be defined by Ezfl), applying the Gronwall inequality, it is possible to obtain a
which, considering Eq¢12)and(13), exhibits the dynamics  quota for the mass balance error (E2p)); this quota can be
of the estimation error as given by H32): evaluated whebh— tg with tg large enough (E(30)):
€1 = rcr(viy-obs — Fcr (21) | N+ A (29)

e2| < — +e exp(—gr)
21+ te1 = h(Cr(Vl), 1) (22) &
(N + A)

Eq. (22) can be solved to obtain the error dynamics in the |ep| < (30)

time domain (Eq(23)): 8t
t It is important to note that tracking erres can be made as

e1 = erpexp(—tr) +/ exp(=tt)h(Cr(VI), s) ds (23) small as desired in two ways. The first one is to consider a
0

control gaing large enough; however this approach has sev-
whereeygis the corresponding initial condition of the estima-  eral drawbacks such as great control effort, input saturation
tion error. Now, taking norms of both sides of E83)yields and so on. The second way is related to the estimation error:
an inequality (Eq(24)), which is limited after Assumptions it tends asymptotically to zero rapidly increasing the esti-
1 and 2 (Eq(25)): mator gainc. This second way diminishes the tracking error
value, avoiding the peaking phenomena and yielding good
exp <—r/ T dt) H} performance of the estimation methodology.

0= lim flesll < lleoll lim [
=19 t—19

iMoo [ [ lexpt deyh(Cr(V1), 1) dau]
limi—r, [exp(S zdr)]

+ (24) 4. Results and discussion

Numerical simulations were carried out in order to valid

lim [th Hexpf rda”] the proposed mathematical model for Cr(VI) concentration.
0 < lim ex(0)] < o 0 (25) The corresponding nominal operating conditions are shown
T 1>l T limig |exp(f Tdr)|| in Table 1

Figs. 2 and 3how the performance of the proposed model
of the reactor compared with experimental data, as it can be
seen the model has a good agreement with the experiments.

Eq. (25) is an example of theco/oo case of uniform
L'Hopital’'s rule, which can be applied to solve the unde-
fined quotient (Eq(26)). Now, taking the limit whert — tg
(remember thaty is large enough) it is possible to obtain a
quota for the estimation error (E€R7)). This inequality im- Table 1

plies that the estimation error can be as small as is desired, ifNominal operating conditions for the electrochemical reactor
the observer gaim is chosen large enough:

Variable Value Units
N ||exp(f dr)]| N FIV 0.052 mirr 1
0< lim Jleg(®) < lim = lim — Cr(vl); 1 130 L
ad =i |exp(fzdr)[ 7] = ||r||( i e o o
26 ’
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time (minutes
( ) Fig. 4. Bifurcation map of Cr(VI) vs. control input for influent with 130 and
273 mgl/L.

Fig. 2. Performance of the proposed model compared with experimental
date selected, which reduce highly the benefits of the continuous
InFig. 3 the Faraday curve, obtained from E8), shows that operation as large production.
the Fe(ll) released rate by the electric current applied, which  With the results shown ifrig. 4, the necessity to imple-
is actually lower than the experimental curve of ferrous ions ment a control strategy arises spontaneously in order to main-
released. It means that there is another mechanism where théain continuous operation. The performance of the on-line
Fe(ll) is freed to reach the actual releasing rate. These Fe(ll)reaction rate observer is showrHig. 5; it is possible to note
ions are released by dissolution (corrosion) of the electrodesthat the estimated values of the reaction rate converge ade-
caused by acidic media as shown by the corrosion curve.  quately to the real values of the real kinetic teffiig. 6 is
FurthermoreFig. 4is related to an open-loop bifurcation-  related to the closed-loop performance of the Cr(VI) concen-
like map, which shows the behaviour of the Cr(VI) concentra- tration, it presents a smooth behaviour to reach the set point
tion in steady state for the corresponding value of the inverse needed, without overshoots and oscillations Finally the per-
of the residence time~(V). It can be observed that to reach formance of the control input can be seeffig. 7, where the
the Cr(VI) concentration around the desired level (less than controller diminish to zero de volumetric flow of the reac-
0.5mg/L) the volumetric flow of the reactor must to be near tor, in order to reach the reference required, considering the
to zero. This means that batch regimen operation must behigh concentrations of Cr(VI) in the inlet flow and the initial
concentration in the reactor; remember that volumetric flows

140 near to zero are needed to reach low Cr(VI) concentrations as
is shown inFig. 4. Considered the above mentioned the con-
g0 {  Cwermenaldes < troller closes the volumetric input flow, to allow the Cr(VI)
\t * dynamic model
~ 100 { T T T ' T T T T T T T
= JPRCT i Faraday
£ L
E -
= 801 Real
i = Estimated
60 1 g £
o o
£
40 - £
corrosion 5
204 [ el e S g 5
s L)
Pt o
0+ .
0 20 40 60 80 100
time (min) O
i 1 1 1 i 1 i 1 ! i 1
0 20 40 60 80 100 120

Fig. 3. Performance of the dynamic model proposed (dynamic model), cor-
rosion effect (corrosion) and current applied effect (Faraday) to describe
Fe(ll) released in the continuous stirred flow reactor during the electro-
chemical process.

Time [minutes]

Fig. 5. Performance of the uncertainty observer.
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250 — T ——— T Cr(VI)removal, simulation results shown that open-loop con-
tinuous operation is not factible to reach the output Cr(VI)
concentration required~0.5 mg/L). Therefore control ac-
tions must be taken. The proposed controller is synthesized
via a linearising input—output controller based of uncertainty
(kinetic term) estimator. This structure is equivalent to Pl con-
troller with variable gains. Stability analysis of the proposed
methodology is developing in order to show asymptotic con-
vergence to a small neighbourhood of the set point required.
Numerical simulations illustrate a satisfactory closed-loop
performance of the electrochemical reactor.
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